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1. Introduction and notations 

Let b e BMO{R") and T be the Calderon-Zygmund singular integral operator. The com- 
mutator [b,T] generated by b and T is defined as [b,T]{f){x) = b{x)T{f){x) — T{bf){x). 
By using a classical result of Coifman et al fW\, we know that the commutator [b, T] is 
bounded on L'' {R") for 1 < p <°o. Chanillo yj proves a similar result when T is replaced 
by the fractional integral operator. However, it was observed that the commutator is not 
bounded, in general, from HP{R") to LP{R") for < p < 1 flTlTT? |. In 1 11 1, the bound- 
edness properties of the commutator for the extreme values of p are obtained. Also, in 
O, Chanillo studies some commutators generated by a very general class of pseudo- 
differential operators and proves the boundedness on L''{R") {I < p < °o) for the com- 
mutators, and note that the conditions on the kernel of the singular integral operator arise 
from a pseudo-differential operator. As the development of singular integral operators and 
their commutators, multilinear singular integral operators have been well-studied. It is 
known that multilinear operator, as a non-trivial extension of the commutator, is of great 
interest in harmonic analysis and has been widely studied by many authors I3I4I5I6I7I . 
In f9l, the weighted LP{p > 1) -boundedness of the multilinear operator related to some 
singular integral operators is obtained and in L3J, the weak (//', L')-boundedness of the 
multilinear operator related to some singular integral operators is obtained. The main pur- 
pose of this paper is to establish the BMO end-point estimates for some vector-valued 
multilinear operators related to certain singular integral operators. 

First, let us introduce some notations I10I16I . Throughout this paper, Q = Q{x,r) 
will denote a cube of R" with sides parallel to the axes and centered at x and having 
side length. For a locally integrable function / and non-negative weight function w, let 
HQ) = ,/e wWdx, /„,e = w{Q)-' /g/Ww(x)dx and fix) = sup^eg w(e)-i Jq \fiy) - 
.fw,Q\w{x)dy. f is said to belong to BMO(w) if /* G L,°°{w) and define ||/||bmo(») = 
We denote BMO(w) = BMO{R") and ||/||bmo = if w = 1. It is well- 
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known that 1121 

II/IIbmo(vv) ~ supinfw(e)"^ / \f{x)-c\w{x)dx. 
Q cec Jq 

We also define the weighted central BMO space by CMO(w), which is the space of those 
functions / G L|oc {R" ) such that 



ll/llcMOM=supw(e(0,rf))-' / \f{y)-MQHy)dy<oo. 
d>l JQ 

We denote the Muckenhoupt weights by Ap for I < p <°o f 101, that is, 

Ap=\o<we Lioc(^"): sup ( / w(x)djc 



\Q\Jq 



Q 

x( |^/^w(x)-'/(/'-i)d^y' '<^^, l<p<. 



< w e lUr"): sup^ < Cw(x),a.e. 



and 



i<p<~ 



DEFINITION 

(1) Let < 5 < n and 1 < < n/d. We shall call the space of those functions / 

on R" such that 



\\f\\,s ^supr-<'/P-'^"\\fXQ^o,)\\u' << 



r>l 

(2) Let I < p < °o and w be a non-negative weight function on R". We shall call Bp{w) 
the space of that function / on R" such that 

= sup[w(e(0,r))]-'/''||/Xg(o,,)||z,/.(,v) < °°- 

r>l 



2. Theorems 

In this paper, we will study a class of vector-valued multilinear operators related to some 
singular integral operators, whose definitions are the following. 

Fix e > and 5 > 0. Let T: S ^ S' he a linear operator and there exists a locally 
integrable function K{x,y) on R" x R" \{(x,y) <E R" x R": x — y} such that 



Ts{g){x)^ f Kix,y)g{y)dy 

JR" 
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for every bounded and compactly supported function g, where K satisfies: 

\K{x,y)\<C\x-y\-"+^ 

and 

\K{y,x)-K{z,x)\ + \K{x,y)^K{x,z)\ < C\y- zf\x- z\-"-'+^ 

if 2 |y — z| < Ijc — z| . Let mj be the positive integers (j — l,...,l),mi^ \-mi=m and Aj 

be the functions on /?" (y = 1 , . . . , / ). For 1 < r < qq, the vector- valued multilinear operator 
associated with T is defined as 

/ oo \ ' 

■A I 



where 



and 



Set 



\Ti{f)(x)\r=\l^\Tt{Mx)\'- 



Ts ifdix) = — r^—\^ K{x,y)My)dy 



R„,.+,{Afx,y)=Aj{x)- l-D'^Aj(y){x-yf 



\ufmr = wi'-^ and I/I, = (^f; i/,(x)r^ . 

We write Ts = T, \Ts\r = |r|, and |r/|,- = |r^|,- if 5 = 0. ____ 
Note that when m = 0, Tg is just the multilinear commutators of and A I13I14I15I . 
In this paper, we will prove the BMO estimates for the vector- valued multilinear operators 

ir^^l.andlr^l,-. 

Now we state our results as follows. 

Theorem 1. Letl <r< oo,0 < 8 <n,l < p < n/5 andD^Aj £ BMO{R")for all a with 
\a\ — mj and j ~ I, . . . ,1. Suppose that \Tg\r maps U{R") continuously into L' (R") for 
any s,t G ( 1 , +°°\ with 1 < s < n/5 and l/t ~ l/s — 5/n. Then 

(a) \Tg\r maps L"I^{R") continuously into BMO(7?"), that is 

\\\T^{f)\rhMO<C\\\f\r\\^„IS. 

(b) \Tg\r maps {R") continuously into CMO(7?"), that is 

ll|r/(/)|,-l|cMo<c|||/MU. 



Theorem 2. Lef 1 < r < oo, l < p < oo and D"Aj G BMO(7?") for all a with \a\ = mj 
and j — I, . . . ,1. 
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(i) Ifw e Aoo and that \T\r is bounded on U [w) for any 1 < s < oo and w € A^,, then \T^\r 
maps i°°(vv) continuously into BMO(w), that is, 

ll|7''^(/)|r||BMO(H-) < C|||/|,.||£oo(^); 

(ii) Ifw&A\ and that \ T\r is bounded on U {w) for any 1 < ^ < °° and w e Ai, then \T^\r 
maps Bpiyv) continuously into CMO(w), that is, 

\\\T^{f)\r\\cMOW)<C\\\f\,]\B,M. 



3. Proofs of theorems 

To prove the theorems, we need the following lemmas. 

Lemma 1. [i6|. Let A be a function on R" and D^A G L''{R") for all a with \a\ — m and 
some q > n. Then 

\R,niA;x,y)\<C\x-yr E f^T^ L \D"A{z)\^dzY\ 
where Q{x,y) is the cube centered at x and having side length 5y/n\x — y\. 
Lemma 2. Let w G A„, then BMO(w) = mAO{R"). 

The proof of the lemma follows from II12I and the John-Nirenberg Lemma for BMO 

Gni. 

Proof of Theorem \(a). It is only to prove that there exists a constant Cq such that 

^ \\T^{f){x)\r - CQ\dx < C\\ |/M|^„/6 

holds for any cube Q. Without loss of generality, we may assume 1 = 2. Fix a cube Q = 
Q{xQ,d). Let Q = 5^Q and A^-^) =Aj{x)^Z\a\=,nj iT(^%)e-«"' l\\QnR,n.{Af,x,y) = 
R^^{Aj;x,y) andD% for \a\=mj. We split/ = g + /! = te} + M 

for gi = fiXq and hi = faRn\Q. Write 

TAifM ^ [ VL]=\Rm,+l{Aj;x,y) 

Ti{f){x) - ^ ^^f^ K{x,y)f{y)dy 

= / K{x,y)hi{y)dy 

Jr" \x — y\'" 

r Y\]=iRmj{Af,x,y) 
+ 1 Kix,y)giiy)dy 

- h —; 1 k5 ^ 'Ai{y)K{x,y)gi{y)dy 
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1 /■ ^mi(Ai;x,y)(x-y)«2 - 

— D ^A2{y)K(x,y)gi(y)dy 



I "21 ='"2 



\x-y\^ 



1 



/ 



K{x,y)gi{y)Ay, 



\x-y\"' 

then, by the Minkowski's inequahty, 

^/^l|r/(/)W|.-|r/(/^)(xo)Mdx 
<^/JllrA(/;)(x)-r^(/i,)(xo)rj dx 



1/r 



< 



iGlie .-^V |x 



ni=i^m,(A;;x,y) 



1/r 



dx 



^ ai! 



|ai|=mi 



Rm2{A2;x,y){x-y)«^ 



X ' ""'"i^Tylm Z)"'Ai(y)g(x,y)g,(y)dy 



dx 



|a2|=m2 



/■ ^„j(Ai;x,y)(x-y)«2 
Jr" 



\x-yY 



D»^A2{y)K{x,y)gi{y)Ay 



dx 



+ 



|ai|=mi, |a2|=m2 '^l'^' 



(x - 3;)«i+«2Z)«i A 1 {y)D'^A2 {y) 



\Q\ Iq f S 

Ir" \x-y\ 

+ ^J^(i\Ti{hi){x)-4{hi){x,) 

:=Il+l2 + l3+l4 + l5- 



K{x,y)gi{y)Ay 
dx 



dx 



Now, let us estimate 1 1,12,13,14 and I5, respectively. First, for x G 2 and j G 2, by 
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Lemma 1, we get 



Rmj{Aj;x,y)<C\x~y\'"j £ ||/)«M,||bmo- 
\aj\=mj 

Thus, by the (L"/^,L°°)-boundedness of \Ts\r, we get 

'III I \\D»^AjUmo] T^J' \Ts{gmrdx 



2 

ii<cl 



2 

< 



Cn I l|0"Myl|BMO 11175(^)1 
\l«;l='»j / 



2 



■'■=1 \\aj\='"j J 

For I2, by the (L'',L* )-boundedness of Tg for l/q = l/p— 5/n, n/5 > p > I and the 
Holder's inequality, we get 

I2<C ^ ||D«M2||bmo E ^ j \UD^^A,g){x)\rAx 

<c ||Z)'^A2||bmo I f^/ |r5(D«aig)W|?d^)'^' 



|a2|=m2 |ai|=mi^l^l ^" / 

;c £ iiz)"^a2||bmo I ier'/^^jz)«iAi(x)^(x)ifdx 



<C £ ||0'^A2||bMO 

|a2l="«2 



,l=m, V li^l •'2 / 



X 

|ai|=mi 

<Cnl £ ||i)"M,||BMO I |||/Mli./a. 
^■=1 \\«i\='"i 

For I3, similar to the proof of I2, we get 

i3<cn( I I|o"^a,I|bmo||||/MU. 
^■=1 \\«j\='"i I 

Similarly, for I4, choose \ < p < n/ 5 and q,t\,t2 > 1 such that l/q= l/p — 5/n and 
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I4<C^ ^ ^|^|r5(Z)«iAiD«2A2g)(x)|.(k 



\ai\=mi,\a^\=m2 

la, |=m7Ta2|=m2 VIGILS" 7 



\ 1/9 



<C ^ |£)«iAi(x)£)«2A2(x)g(x)|fdx) 

jai|=mi,|a2|=m2 ^ " ^ 

<C L ( — l\D«^Mx)r6x) 

|ai|=mi,|a2|=m2 ^1^1 ■'G / 

— yjZ)«^A2Wr'^ckj Ill/Ul^va 



\ 1/p 



I ll^"^^;ilBMo)|||/MU3. 



For I5, we write 



Ti{hi){x)-Ti{hi){xo) 

jRn\\x-y\'" \xo-y\'^JjJ[ ' ^ ^ ' 



- (7J™,(A2;x,);) -/?„,(A2;xo,);)) W-4^;^o,>') ^^(^^^^^^.(y^dy 



/?„,2(A2;x,y)(x->')«i 



„i 0:1! Jff" |x-y|" 
Rm2{M;xo,y){x(i-y)"'^ 



\xQ-y\' 
K{x,y) 



\xo-y\" 



1 



K{xo,y) 



D''^A,{y)hi{y)Ay 



L 

I ^2 1 ='"2 



7?™,(Ai;x,y)(x-j)«2 



|x-y|" 



^mi(Ai;xo,y)(xo -y) 
ko-yl'" 



-K{xo,y) 



K{x,y) 



D'^A2{y)hi{y)dy 
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, , , , ai\a2\jR" 

«! |=mi , \a2\=m2 



\x-y\" 
D«'Ai(y)D«2A2(y)/2,(y)dy 



By Lemma 1 and the following inequality |16) 

l^e, -^eJ <ciog(|e2|/|ei|)||/'||BMo foiQicQi, 

we know that, for x e g and y e 2*+' g \ 2*^2, 

\R„y{Aj;x,y)\<C\x~y\"y ^ (||D%-||bmo + |(Z)%Oe(.,,) - (^%)el) 

\a\=mj 

<Ck\x-yr II^%IIbmo. 

\a\=mj 

Note that |x — y| ^ l-^o — y| forx G Q andy G R"\Q, and we obtain, by the conditions on^T, 

Scfll E I|0"'Aj||b„o 

;=1 y|aj|=mj 

2 / \x~Xq\ \x-Xof , 

■,to-/2*-'e\2*G l|:.o-3'l«+'-^ ko-3'|"+^-^ ^' 
Thus, by the Minkowski's inequality, 

ff:i4"r) <cti{ E iio"'A,iiBMo 

\!=1 / j=l \\aj\=mj 

Scfll E ||D"M;||b«o1 E''(2"' + 2"")lll/l'lli-/' 

i=l \ |ay|=mj / k=l 



<cU\ E I|o"'^.IIbmo| 111/1,-11^,,/.. 

7=1 \\aj\=mj 



For Ij^' , by the formula fE\ : 



R,„j{Aj;x,y)^R,„j{Aj;xo,y)= E -^^m-\l}\{D^Aj;x,xo){x-yf 

\P\<mP- 
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and Lemma 1 , we have 



\Rmj{Aj\x,y)-Rmj(Aj;xQ,y)\ 

<C ^ \x-xop-\^\\x-y\\^\\\D«AjUy,o- 



Thus 



■\<mj \a\=mi 



\ ^1' 2 

r(2)| 



r <cn I ii^%iibmo 

\i=\ ) j=l \\a\=mj 

\x-xq\ 



Similarly, 



fEllfV") <cnl E 1|0"^A;IIbmo I lll/MUa. 
V=i / j=i Vlttyh^ 

For if \ taking t > 1 such that 1/? + 5/n = 1, then 

^ " \{x-yr^K{x,y) {xo-yr^K{xo,y) 



,§"''1' 



\x-y\'" \xo-y\ 



m 



\J=l J |ai|=mi' 

x|/?^,(A2;x,y)||D«iAi(y)||/z(y)|,d3; 

+ C E / |^m2('^2;x,>')-/?„2(A2;xo,>')| 

l«ll=mi 

00 

<C £ ||D«2A2||bmo I £/:(2-* + 2-^*) 
|a2|=m2 |ai|=mi*=l 

J^/^^jz,«.Au.)rd,)"iii/Mi,„, 

<Cn( £ |l^)«M,-||BM0||||/Wli./«. 
;=1 \|a;|=m^- / 

Similarly, 

ffllfr) <Cnf 1: I10«M,-||bmo I lll/MUa. 
V=l / J=l Vla/h"'/ / 



176 



Liu Lanzhe 



For I^^', taking ti,t2> I such that 5/n + + l/f2 = 1, then 



l/r 



Thus 



<C 



{x-yf^+"2K{x,y) 



\ai\=mi,\a2\=m2 

(xo-y)«'+«2/:(xo,y) 



Ixo-yl" 



|ai|=mi,|a2|=m2fc=l 



\x-y\'" 

\D"^My)\\D"^A2{y)\\h{y)\rdy 



\ 1A2 



^<^n E II^"^'^;IIbmo I |||/IHIl"/5- 



|i5l<cn L IIO^M.-IIbmo I 

Proof of Theorem \(b). It suffices to prove that there exists a constant Cq such that 

^/j|7'/(/)Wk-Ce|dx<C|||/|,^ 

holds for any cube Q = Q{Q,d) with d> \. Without loss of generaUty, we may assume 
I = 2. Fix a cube Q = Q{0,d) with c/ > 1 . Let Q and A (x) be the same as the proof of (a). 
Write, foxf = g + h= {gi} + {hi} with gi = fa^ and hi = fiXRn\Q, 



^J^\\Ti{f){x)\r-\4{hm\r\6x 

^^/2(ll^A(/;)W-ri(/iO(o)rj Ax 
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+ 



\Q\ JQ V=i 



\Q\ lo it-. 

:/ 
Jr" 

/ 

JR" 



E - 

\a[\=mi * 



x-yl" 



r. l/r 



Ax 



E 

1 =^2 



^mi(Ai;x,y)(x-3;)«2 
\x-y\"' 



I 

JR" 



|ai|=mi, |a2|=m2 

Ix-jI"' 



D'^A2{y)K{x,y)gi{y)dy 
1 



^(^,3')^K3')d)' 
6x 



dx 



Similar to the proof of (a), we get, for 1// = 1/s — 1 < s < p, 1 <ti,t2<°° and 

l/tl + l/t2 + s/p=l, 



h<CYl[ £ ||Z)«M,||bmo I ^ / |r5U)W|.dx 

;=l \|a,|=m, / li^l •^2 

<cn( E |1z)«m,||bmo) (^/|r5(g)W|?dx) 

j=i \\aj\=mj I viyi .^2 / 



\ 1/? 



<Cnf E l|Z)"M;||BMo)|||/MUa, 

h<C ||Z)«^A2||bmo E ^/ |r5(i)"'Aig)(x)|.dx 



\cc2hfn2 



<X[ \ =IH\ 



<c £ ||z)«^A2||bmo E (^/ |r5(o"'Ai^)Wr.dx 



|a2|=m2 



|ai|=mi 
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<C £ ||Z)«2A2||bmo I |er^/'|||Z)«'AigMU. 
\ai\=m2 |ai|=mi 

<C £ ||Z)'^A2||bmo 

\0l2\=m2 

LP 

<ct\\ I I|0«M,-||bmo ) lll/l.l^, 



J3<cn I II^"^A,-||bmo lll/l.^, 

^■=1 \\ai\=mj 



J4<C I ^ I \Ts{D»^A,D»^A2g){x)\rAx 

la,l=m,.lchl=mo V"'^" / 



I (^^y^|z)«^A2(x)r'^dxj lei^z-^/^lll/Lzell 



|a2l='«2 

<Cnl E l|i)"^A,l|BMO ) lll/Ml^a. 

■'=1 \l«jl='«j 



For J5, we write, for x&Q, 

4{hi){x)-Ti{hm 



\y\" 



+ jr^(jg^,(Ai;x,y)-jg^,(Ai;0,y)) ^"^^^p^^ jS:(0,y)fe,.(y)dy 
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R„ti{Ai;0,y) 



+ j^^{RmM2;x,y)-R,„^{A2\Q,y)) 
y J_ I \R„^{A2-x,y){x-y)^^ 



K{0,y)hi{y)dy 



\ai\=mi 



/?„,(A2;0,y)(-y)«i 



bl" 



\x-yY' 



K{o,y) 



K{x,y) 



D''^Ai{y)hi{y)dy 



Rm^{A\\x,y){x-y) 



CC2 



\ai\=m2 

/?^,(Ai;0,y)(-y)«2 



\x-y\' 



-K{x,y) 



K{0,y) 



D"^A2{y)hi{y)dy 



E -^1 



I CHI \ =m \ . |o:2|=m2 

(_3;)«i+a2 



{x-y) 



\x-y\" 



-K{x,y) 



\y\" 



K{0,y) 



D"^Ai{y)D"^A2{y)hi{y)dy 



Similar to the proof of (a), we get, forl<ti,t2<°° and l/ti + l/t2+l/p=l, 



<c/ 

JR" 



\y\ 



■ + 



m+n+l—S |-y|m+n+e— 5 



n|/?„^(A,;x,y)||/i(y)|.dy 



<cn L I|0«M,||bmo 

;=1 \ |a;|=m^ 



j^Qj2MQ\2kQ V bl 



,|n+l-5 |-y|n+e-5 



l/(y)|rdj 



<cn I II^J"^A,I|bmo 

^■=1 \i«ji='"j 

fc=i 

<cn( I I|0"^A,-||bmo I 
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V=i / ;=i \|a;|=m,- / k=o-'^' 



2t+lg\2*Q IjI 



n+1-5 



l/(3')|.dy 



E ll^"^'^;llBMoll||/M|^a, 

^■=1 \l«jl='»j 



1/r 



EIJ5 r E II^"^'^;IIbmo I 111/1.11^3, 



EU: 



(4), 
5 I 



<c 



|ai|=mi 



(x-3;)«i^:(x,>') {-y)"^K{0,y) 



\x-y\" 



x|/?„,(A2;x,y)||Z)«ai(y)||/i(y)|,dy 



+ E ljRm2{A2;x,y)-R^,{A2;0,y)\ 

!«! |=mi ' 



x "-^'y^" p°'^MII%)l.d. 

<C E II^"''42||bMO 
|a2|=m2 



E^(2-^ + 2-^'^)(2'=d)-''(i/^-^/")|||/|.Z2*2ll^ 

i/p' 



|ai|=mi 



E l|i5"^-^yllBMoJ|||/MI«a, 



Eufl 



E ll^"^'^;llBMo)|||/Ml5a, 



1/r 



EIJ5 



(6)1 



< C E (2-* + 2-^'^)(2'=J)-«(Vp-5/«)|| |/|,;^2*ellL" 



|ai|=mi 
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\a2\=m2 



1A2 



I \\D"'AjUMo\\\\f\r\\sl. 
7=1 \\aj\=mj 

Thus 



J5<Cn I l|i)"^-^.llBM0|i||/MU.. 
^■=1 \\aj\=mj 

This completes the proof of Theorem 1 . 

Proof of Theorem 2(i). It suffices to show the conclusion for the case BMO(vi') = 
BMO(/?") by Lemma 2, that is, it is only to prove that there exists a constant Cq such that 



T^J'\\T^{m\r-CQ\dx<C\\\f\rh^^„) 



\Q\Jq 

holds for any cube Q. Without loss of generality, we may assume 1 = 2. Fix a cube Q ■■ 

Q{x() , d) . Let Q and A j [x] be the same as the proof of Theorem 1 . Write, for f = g + h - 
{gi} + {hi} with gi = fiXQ and hi = fiXRn\Q, 



±.J'^\\T\f){x)\r-\T\h)ixo)\r\dx 

1 / ~ \ 

-w\L ( ) ^ 



< 



21 Jq (s Jr" 



]fj=iRmj{Aj;x,y) 



E 

\a[ \ =mi 



\x-y\"' 
1 



K{x,y)gi{y)dy 



dx 



+ 



^1- 

Jw 
Jr" 



Rm2iA2;x,y){x-y) 



ai 



\x-y\" 



-D"^Ai{y)K{x,y)giiy)dy 



l/r 



dx 



1 

052! 



CC2 1 =m2 

Rm^{Ai;x,y)ix-y)'^2 
Ix-yl"" 



D'^A2(y)K{x,y)gi(y)dy 



l/r 



dx 
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1 



\=m\ , \CC2\=m2 



\Q\Jq 

:=Li+L2+L3+L4 + L5. 

By the L'-boundedness of | T | ^ for I < s <°o and using the same argument as in the proof 
of Theorem 1, we get, for + l/f2 = 1, 

Li<Cn| I ||Z)«M,||bmo I 7^ / |rU)(x)|,dx 
7=1 \\aj\=mj I \^\ -IQ 



L2<C £ ||i)«2A2||BMO I |r(i)«'Aig)(x)|.dx 



|a2|=m2 |ai|=»ti ^ 

I ||i3«M2||BMO I (^J^Jr(i)«>Aig)(x)|^dx 



|a2|=m2 laiHmi 



,121 

<C ^ ||Z)'^A2||bmo H (jTtJ \D"^M^)g{x)\^rdx) 



<C £ \\D"^A2hMO 

\a2\=m2 

X L f^/jZ)«'AiW-(D«iAi)erdx)'^'|||/|.|k 



<CYl\ I II^"^-^;IIbmo1 lll/I.Mw), 

>=i Vi"j i='"^' 



L3<cn E I|/)"^"A,I|bmo I lll/kMw), 
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L4<C I ^/ |r(/)«'AiZ)«2A2g)(x)|.dx 



|ai|=mi,|a2|=m2 ^ 

w(e)-i/* 



|ail='"i,|a2|=m2 



1/5 



|ai|=mi,|a2l='«2 

<c E 

I "1 1 ="21, 1 "2 1 ='"2 



7?" 



|D«iAi(x)D'^A2Wg(x)r,ck 



lj/^|Z,..A.W|..d. 



l/s*2 



E ll^"^^7ilBM0 

>=i \l«ji='«j 



L5<Cn E ll^"^'^;ilBMO 



Hi- 



|L°°(w)! 



IIl~(w)- 



Proof of Theorem 2{ii). It suffices to prove that there exists a constant Cg such that 

^ 1^ I |r^(/)(x)|. - C2Kx)dx < c|| 

holds for any cube Q = Q{0,d) with d > I. Without loss of generaUty, we may assume 

1 = 2. Fix a cube Q = Q{0,d) with d > 1. Let 2 and Aj{x) be the same as the proof of 
Theorem 1 . Write, for f = g + h = {gi} + {hi} with gi = fiXg and hi = fiXw^xQ, 

j^\\T\f){x)\r-\T\hm\r\<>c)Ax 

1 / ~ \ '''' 



< 



— / E / ^ 



n]=i/?™,(A,;x,y) 



K{x,y)gi{y)dy 



w(x)dj(; 



E — 



w(x)dx 
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L - 

a2 1 ="12 



fi" l-^-yl" 



D«2A2(y)/:(x,y)gK3')d3' 



w(x)cbi: 



III o:i!a2' 



v^(e) Jq \ti 

(x-y)"i+"W"^Ai{y)D"'-A2iy) 



\x-y\" 



1 



K{x,y)gi{y)dy 



\/r 



w(;c)dic 



:= Ml + M2 + M3 + M4 + M5. 
Similar to the proof of Theorem 1 , we get 



Mi<Cn L \\D'''A,\ 



1 



BMO 



j=l y|ay|=my 
2 

n 

j=l y|ay|=;n^ 
2 



|7'fe)WlrM'(-J:)dx 



<Cn| E ||Z)«M,||bmo| (^/jr(^)W|>Wd^''^'' 



<cn L iii)"^A,iiBMo I w(er'/ii/i.zeiiL.w 

;=1 \ \aj\=mj 



E l|i)"^A,||BMO I II 1/1,-11 
j=l \\aj\=mj 

For M2, since w g Ai, w satisfies the reverse of Holder's inequality: 

for all cube Q and some 1 < <7 < 00 1101161 . Thus, taking s,t > \ such that st < p and 
q= {pt — St) /{p — st), then 



M2<C £ ||D«2A2||bMO L , 

<C ^ IID^^AzIIbmo 

|ci;2|=m2 



\T{D''^Aig){x)\rw{x)da 
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<C £ ||Z)«2A2||bmo I w(e)-V-'||Z)«'Ai|gML.(,) 
\a2\=m2 \ai\=mi 

<C £ ||i)«^A2||BM0w(G)-i/^- £ (/|i)«Ai(j)r''dj)'^' 
|a2|=m2 \ai\=mi ^•'Q ^ 



<cn E iiz)«m,-i|bmo lei^/^Me)''/^ 



E l|O«M,-||BM0|w(e)-l/P|||/|,;tg||^(,) 
•'■=1 Vl«7l='"j 



E II^"^'^;IIbmo1|||/U1vw), 



M3<cn £ I|0"^A,-||bmoJ |||/|.|U,(w). 

For M4, taking s,ti,t2,t3 > 1 such that 1/fi + l/f2 + l/fa = 1, st-^ < p and g 
st^)/ {p — sti), then, by the reverse of Holder's inequahty, 

^4<C y [ \T{D"^AiD«^A2g){x)\rwix)dx 

< (_ 

|ai|=mi,|a2|=m2 

l/s 

^{Q)-'l' ( /__^ |Z)«iAi(x)i)«2A2(x)g(x)|Xx)dx ) 

|ai|=mi,|a2|=m2 



E f^/ |r(^)"'AiD«a2^)(x)|>(x)dx 
|ai|=m7T«2|=m2 V>f(e) 

<C £ w{Qr'''{! \D«^Ai{x)D"^A2{x)g{x)tw{x)doc 
\ai\=mu\a2\=m2 

<c E (^y^ii)«'Ai(x)r"dxj 



£ ( y. |£»«2A2wr'2dxj w{Q)-'i' { y. i/wif3w(x)^3d^j 



X 

|0<2|='M2 
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<CU{ L \\D"'Aj\\^Mo]w{QryP\\\f\rXQ\\u,i„) 



<CU\ I ll^"^-^yilBMollll/MlMw)- 

J=^ \\aj\=mj 



For M5, we write, for x € Q, 

T^{hi){x)-T\him 



+ jr^(jg^,(Ai;x,y)-jg^,(Ai;0,y)) ^'"^y;^'^^ g(0,y)fe,-(y)dy 



\a\\=mi 



7?™2(A2;x,y)(x-y)«i 



/?«,(A2;0,>')(-y)«i 



Ix-yl" 



K{0,y) 



K{x,y) 



D«^A,{y)hi{y)Ay 



E 7^ 



\ai\=m2 



a2\ JR" 



Rmi{Ai;x,y){x-y) 



\x-yY' 



'-K{x,y) 



R^.iAvMi-y)'^ 



bl" 



K{0,y) 



D'^A2{y)hi{y)Ay 



|ai|=mi, \a2\=m2 



— / 



ai+a2 



b-jl" 



bl" 



D«iAi();)D'^A2();)^,-(3')d3' 



: M« +Mf +Mf +m('*) +Mf +Mf . 



Similar to the proof of Theorem 1 and notice that w G Ai c Ap, we get 



■ + 



m+n+l |j|m+n+£ 



ll\R„j{Aj;x,y)\\h{y)\rdy 



7=1 
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2 



2 



\l«;l='»j 



<cn E IIO'ia^IIbmo I lll/l,IU,(.), 

.7=1 \\aj\=mj 



IlMfr) ^ <Cn( £ ||Z)«M,||bmo I I / 
V=l / 7=1 \\aj\=mj J k=0-'^ 



'iKV) <cnl £ ||0"M,||bmo| |||/|.|U,w. 



For Mg'*\ choose I <s < p, notice that w e Ai c A^/^, we get 



£iMfr <c £ iid'^a^iibmo 

'v'=l / |a2|=m2 



X 

jt=0 



188 LiuLanzhe 



<CU\ L ||Z)«M,-||bmo 1:^(2-* + 2-^V(2*e)" 



\l«jl='"; / 



k=l 



X 



4l/WlfwWd.)"'(i4/..wM*)"' 



<ct{\ I II^)"^A;|1bmo| |||/|.|k(w). 

fiiMfr) <cn| 5: iii)"M,-iiBMo I iii/Mkw 

For choose 1 <ti,t2,h <°° such that h < p and l/^i + 1 /?2 + 1/?3 = 1. Notice that 

weAi cA,,/,3, we get 



IiMfr <c I / 



(x-y)«i+«2^(x,y) (-y)«i+«2/:(0,y) 



|;f_-y|m |-y|m 

x|D«iAi();)||D'^A2(y)||/^(3;)|.d); 
^Cn( I ||D«M,||bmo| f:(2-* + 2-'=V(2'^2)-i/^ 

x(4l/WI>W*)"'(pi2j/..»M*)"' 

<Cn[ E l|i3«M;||BMo)|||/|.|U,(w). 
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Thus 

M5<Cn| ^ ||0"M,|1bmo| 

j=\ \\aj\=mj j 

This completes the proof of Theorem 2. 
4. Applications 

Now we shall apply the theorems of the paper to some particular operators such as the 
Calderon-Zygmund singular integral operator and fractional integral operator. 

Application 1 . Calderon-Zygmund singular integral operator. 

Let T be the Calderon-Zygmund operator I7I10I16I . Then it is easy to see that T satis- 
fies the conditions in Theorem 2. Thus the conclusions of Theorem 2 hold for T^. 

Application 2. Fractional integral operator with rough kernel. 

For < 5 < n, let Tg be the fractional integral operator with rough kernel defined by 

CMni 

JR" \x-y\" ° 

the vector-valued multilinear operator related to Tg is defined by 

|r/(/)(x)|.= (^|:ir/(/;-)(x)r 

where 

Ts (/)W = y^„ ■' — ^{x-y)f{y)dy 

and Q. is homogeneous of degree zero on R", Q.{x')da{x') = and Q. G Lipg(5'"^^) 
for some < e < 1, that is, there exists a constant M > such that for any x,y e S"^^, 
\Q.{x) —Q.{y) \ < M\x — y\^. Then Tg satisfies the conditions in Theorem 1. Thus the con- 
clusions of Theorem 1 hold for Tg . 
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